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1. INTRODUCTION 
The fimdam al result of A. V. Jategaonkar’s im ortant paper is th,e 
following: If is a finitely generated 
Noetherian ring, and )r is an essential submoduie of ml! dimens~Q~ 4.2, 
then M has Krull dimension a. The purpose of this paper is 
result to other classes of Noetherian rings, and to scuss various 
applications of such a generalisation. 
In doing this, it is first necessary to switch ~tt~~t~o~ from modu!es to 
rings, as follows. For an R-module A4, let 
right fuily bounded right Noetherian and 
~/An~~-~) have the same Kruil dimens 
cterises these rings among all right i~o~t~eria~ ri
a finitely generated essential extension of an 
as Kruil dimension a; can be same be said for 
general, of course, the answer is “no”; see [ICI] and Theorem 4.4&i) below, 
Call a right Noetherian ring R right smooth if Ihe answer is ‘“yes” for 
Then the integral gi-oup ring of a p~~y~~~~~~-~~~~~~te grolkp is smo 
(Theorem 4.2)3 as is the enveloping algebra of a finite ~~~~~~i~~~~ ahms~ 
ralgebralc solvable Lie algebra over C (Theorem 4.4(G)). On the other 
rhe envelop&g algebra of a complex Lie cElgebm is smooth only if the Lie 
algebra is solvable (Theorem 4A(iii)).’ 
In Sections 5 and 6 we study a Noetherian ring 
and right weak& ideal invariant (rig e&ion 5 
of the latter term. Examples of such 
algebras mentioned in the previous paragr 
~oetherian rings. Suppose U and V are finitely generated m-ii 
modules, and U and /Ann(U) have the same ~11 di~~~s~ori. Then, the 
basic question with w ch this paper deals is 
does there exist a uniform module M which 
’ See note added in proof, p. 259. 
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prove (Theorem .5.4), that under the above hypotheses on R, a L‘non-trivial)’ 
such extension exists only if U, V, and R/Ann(V) have the same Krull 
dimension. 
Sections 5 and 6 contain applications of Theorem 5.4 to the study of 
modules and rings, respectively. To give one example, we show in Section 6 
that a meet irreducible right smooth ring is primary, in the sense of [7]. An 
example is also given to show that smoothness is a necessary hypothesis in 
many of these results (Example 6.4). This example is a factor ring of the 
enveloping algebra of sl(2, C). It is meet irreducible but not primary, and 
indeed fails to have an Artinian quotient ring. 
Throughout this paper R will denote a right Noetherian ring with 1, and, 
unless stated otherwise, all modules will be unital right R-modules. 
I would like to thank Tom Lenagan for his helpful comments on an earlier 
version of this paper. 
2. POLY-AR RINGS 
Recall that an ideal I of R is said to have the right AR property if, given a 
right ideal E of R, there exists n > 1 such that En I” c_ EI. As is well- 
known, this is equivalent to: Given finitely generated R-modules NS M, 
there exists n > 1 such that MI” n N E NI. The ring R is said to be a right 
AR-ring if all its ideals have the right AR property. A prime ideal P of R is 
said to be a (right)poly-AR ideal if, given any prime ideal Q$ P, there exists 
an ideal 1, with Q$+ I c P, such that I/Q has the (right) AR property in R/Q. 
Naturally, we say that R is a (right) poly-AR ring if all its prime ideals are 
(right) poly-AR. 
Clearly, right Artinian rings are right poly-AR, as are right AR-rings. 
Indeed, it is easy to see that any right Noetherian ring in which every prime 
ideal is a minimal prime over an ideal with the right AR property is right 
poly-AR, so that right poly-AR rings include right Noetherian rings integral 
over their centres [3, Proposition 2.21. 
An ideal I of the ring R is said to have a normalising set of generators 
(n.s.g.) {xi ,..., x,} if I=Cr=,x,R, x,R = Rx,, and for 2 <j< n, 
XjR + 2;: xiR = Rxj + c{z: xiR. If all the ideals of R have n.s.g., we say 
that R is polynormal. Enveloping algebras of finite dimensional solvable Lie 
algebras over algebraically closed fields of characteristic zero are 
polynormal [ 16, Theorem 31. If I = XR = Rx is an ideal of a ring R, then I 
has the right AR property, by [ 16, Lemma 81; this observation yields 
LEMMA 2.1. Right Noetherian polynormal rings are poly-AR. 
Lastly, we consider group rings. A polycyclic group G is said to be 
orbitally sound if, given a subgroup H of G with only finitely many G- 
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csnjugates, IN: (-),& Hg 1 < 03. If S is a ring and T is a su 
will denote the right ideal of SG generated by (t - I : t E T) 
an ideal if T is a normal subgroup. If I is an 
simply @(I), wili denote the set of elements of 
regular. Using the fundamental results of [23]: it is easy to prove 
ertainly, SC is Noetherian [21? G 
e to find an ideal I, 
may assume wit 
= 1. Suppose first that P+ is non-&iv 
f G, there exists a no 
. Thus aG c I=, but 
ce P’ is a normal 
by [23, Theorem @I]. Let T be the centre sf 
Lemma 4. k .5], since M is finitely generated. It 
as in ]23, Lemma 61. Since Q is prime and (P n ST)” = 
that P n ST/Q f? ST is a essential right i 
proof of Theorem 1.371, there exists p E (P 
checked that ,@ E (P f3 ST) f’ %F(Q fl S 
p = /?, , pi ,..., ,B, are the finitely many G-co 
belongs to (P f-7 ST) (7 GY(Q f-7 ST). Since 
centre of SG, and so I= 
Theorem 11.X?]. 
Since very polycyclic-by-finite group contains a c~a~acte~is~~c orbitally 
group of finite index [23, Theorem C%], ~r~~os~~~o~ 2.2 provides a 
large supply of poly-AR group rings. 
3. MODULE ExTmsrows 
e assume that the reader is familiar with the definition and 
properties of the (Gabriel-Rentschler) Krull d 191. The Rrull 
dimension of an R-module M will be denoted , when it exists. 
The injective hull of an R odule M will be debuted by E, 
Woetherian ring R is said to metric if every prime factor 
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ring of R has the same right and left Krull dimensions. (This clearly forces 
the right and left dimensions of every factor ring to be the same.) Let 
l-dim(M) denote the Krull dimension of a left R-module M, when it exists. 
Then R is said to satisfy property @), or to have left weak ideal invariance 
on ideals, if for all ideals I and T of R, with 1-dim(R/I) < 1-dim(R/T), we 
have 1-dim(T/TI) < 1-dim(R/T). At present, no example is known of a 
Noetherian ring with fails to be weakly K-symmetric, or to have (1). 
Examples of rings known to satisfy these conditions will be given in 
Section 5. 
Now, let R be a right Noetherian ring, and let a be an ordinal. Let M be a 
finitely generated R module such that k-dim(R/Ann(M)) 4 a. Choose an 
ideal P which is maximal in the set 
Z = {Ann(X): X a submodule of M, k-dim(R/Ann(X)) 4 a}. 
(Note that Z: # 0 since Ann(M) E Z.) Then P will be called an a-Moss ideal 
for M. Thus the O-Moss ideals are just the Moss primes defined in [5]. The 
O-Moss ideals of a Noetherian ring are prime [5, Theorem 31. This is not 
true in general for right Noetherian rings, as can be seen by considering 
Herstein’s counterexample to the Jacobson conjecture [lo]. The proof of [5, 
Theorem 31 depends crucially on Lenagan’s lemma [ 141. Since no analogue 
of this is available in higher dimensions, we are only able to obtain the 
following weaker result in this case. 
PROPOSITION 3.1. If R is a Noetherian weakly K-symmetric ring with 
(I), and P is an a-Moss ideal, then P is prime. 
Proof. Let P be an a-Moss ideal for the module M, and let P = Ann(N). 
Suppose that A and B are ideals of R with AB c P, and that A g P. Thus 
NA # 0, and it may be assumed without loss that B = Ann(NA), so that 
P E: B. Suppose for a contradiction that B + P. 
By definition of P, k-dim(R/B) < a. Since k-dim(R/P) > a, and AB L P, it 
follows that k-dim(R/A) > a. The hypothesis of symmetry implies that 
I-dim(R/B) < 1-dim(R/A), so that, by @), 1-dim(A/AB) < 1-dim(R/A). 
Since A/AB is finitely generated as a right module, there exists an ideal C of 
R with 1-dim(R/C) ( l-dim(R/A), and CA c AB. Again using symmetry, 
k-dim(R/C) < k-dim(R/Aj. 
Now NCA G NAB = 0, and Ann(NC) 2 Ann(N) = P, so, if equality holds 
here, it follows that A c P, a contradiction. Thus Ann(NC)$ P, and so k- 
dim(R/Ann(NC)) < k-dim(R/P). Since k-dim(R/C) < k-dim(R/A), and k- 
dim(R/A) = k-dim(R/P), we have k-dim(R/C Ann(NC)) ( k-dim(R/P). 
However, N[C Ann(NC)] = [NC] Ann(NC) = 0, so that C Ann(NC) c P, 
and hence k-dim(R/C Ann(NC)) > k-dim(R/P). This is a contradiction, and 
so P is prime. 
reef of Proposition 3.1 closely mimics Ginn’s and 
primeness of the Moss prime [5, Theorem 31. 
THEOREM 3.2. Let M be a finitely ger&erated ~,~~~~e over the ~Q~t~e~i~~ 
and suppose that R is right ply-A , weakly ~-sym.metric~ and 
satiates (1). Suppose ~-dim(~/Ann(~~) = 0: let % be a jTniee(y 
generated essential extension of M. Then k-dim n(X)) = a. 
PRA$ Routine arguments reduce the proof to the case where M and X 
are uniform modules, and Ann(M) = is prime. Suppose that k-- 
/Ann(~)) > a, and let P be an a-Moss ideai for X* with 
ut loss of generality, M G Y, and P$ Q. 
is poly-AR, there exists an ideal I, wit Pig I E Q, swh that I/P 
property. Thus, there exists n > 1 such that 
However, M is essential in Y, and so 
I” i P, a contradiction. Therefore k-dim 
)” = 0. That is, VI” = 0: si3 
(X)) = a, as claimed 
4. Ex.~MPLE~ 0~ Shmm3 
To realise the potential of Theorem 3.2, examples of rings satisfying its 
hypotheses must be found-the aim of this section is to furnish such 
examples. Ht is convenient, taking a lead from [ 1 I, Section 3], to formaiise 
elusion of Theorem 3.2 in the foilowing A ri therian 
is right smooth if for all finitely genera &es that ic- 
dim(~/Ann(~)) < a: k-dim(R/Ann(X)) < ce for all finitely gen.erated 
essential extensions X of M. We shall of course omit the adjective ‘“right” 
whenever possible. 
er routine arguments using the AR pro erty, the results of [21 i 
11.2 and 11.31 and [24], and the lemma below, show that the gronp 
is smooth when R is commutative ~5el~~e~~a~ and G is finiteiy 
generated and nilpotent-by-finite, or R is field of positive ~b~actc~~st~~ and 
G is ~o~ycyc~ic-by-unite. 
LEMMA 4.1. Let R be a commutative 
and N a normal subgroup offinite index in G. If 
Proc$ Let M be a finitely generated let I = Ann~~(~~~ and 
suppose k-dim(~~/~) = CL Then k-dim,, ) = a, as fooil0ws easiiy 
from 125, Lemma S]. Since RH is smooth and is a finitely generates 
module, ~-d~rn~~(~~/Ann(~)) = a for all finitely venerated -essential 
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extensions of M. However, ERG(M) cE,&M) 0 RG, as shown in [26, 
Corollary], and so k-dim(RG/Ann(W)) = OL for all finitely generated RG- 
essential extensions W of M. That is, RG is smooth. 
To deal with ZG, more sophisticated techniques are needed. An absolutely 
Hilbert ring is a commutative Noetherian Hilbert ring all of whose field 
images are absolute. 
THEOREM 4.2. Let R be an absolutely Hilbert domain, and let G be a 
polycyclic-by-finite group. Then RG is smooth. 
Proof. There exists a normal orbitally sound subgroup H of finite index 
in G [23, Theorem C2]. By Proposition 2.2, RH is a poly-AR ring. 
Moreover, RH satisfies ($), by [2, Theorem 3.131, and is weakly K- 
symmetric, by [2, Theorem 3.141. Hence RH is smooth, by Theorem 4.2(i), 
and the result follows from Lemma 4.1. 
The rest of this section is concerned with the enveloping algebras of finite 
dimensional complex Lie algebras. Unless stated otherwise, the notation will 
be as in [4]. Throughout, 9 will denote a finite dimensional Lie algebra over 
the complex field, U(g) its enveloping algebra. A solvable Lie algebra g is 
said to be almost algebraic if 9 is a split extension of its maximal nilpotent 
ideal n by an Abelian subalgebra a, and e is a semisimple a-module; see [ 17, 
Section 31, for example. 
LEMMA 4.3. If 9 is almost algebraic, U(g) is weakly K-symmetric. 
Proof. Suppose the result is false, and let P be an ideal of S = U(g) 
maximal such that k-dim(S/P) # 1-dim(S/P). Then clearly P is prime. By 
[ 17, Theorem 6.1(3)], there exists 0 # x E S/P = S such that S. = xS, and 
(,?),=ROA, or (g)x = R 0 A, @ (CG # U(a)). (1) 
The notation in (1) is as given in [ 171; in particular, (S), denotes the partial 
quotient ring of S obtained by inverting powers of x, and R is a finitely 
generated commutative domain over C. 
Whichever of these isomorphisms holds, the Krull dimension of (S), can 
be calculated. In the first case, it is k-dim(R) + n, by [28, Section 31. In the 
second case, A, @ (CG # U(a)) is a simple algebra, by [ 17, Theorem 6.1(4)]. 
Thus, as in [ 17, Theorem 6.1(l)‘], A, @ (CG # U(a)) may be rewritten in 
the form (CS 0 CG) # U( ai , ) and so, in the notation of [ 181, it may be 
viewed as a simple algebra of the type &(V, 6, G), by [ 18, Theorem 4.21. 
Therefore, k-dim(A, @ (CG # U(a))) is g iven by [28, Proposition 4.l(ii)]. 
Now, by the Noether Normalisation Lemma, R is a finitely generated 
module over a polynomial ring in k-dim(R) indeterminates over 6. Thus, 
k-dim((S),) = k-dim(R) + k-dim(A. 0 (CG # U(a))). 
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Similar remarks apply to the left dimension; in ~ar~~c~~a~~ 
dim@jX). -- -- 
y maximality of P, 1-dim(S/Sx) = ~-dirn~~/~~~” 
ideal of g, so by [ 15, Theorem 2.31, 
k-dim($) = max{k-dim((T)j,), k-dim(,?jxsi> + k 1 
= max{ l-dim((&), ~-dim(~/~~~) + 11 
= 1 -dim(g). 
This contradicts the choice sf P, and so completes t 
THEOREM 4.4. Let g be a finite d~~ens~o~al complex Lie algebra> and 
(i) The ring R is poly-AR lj- and only lif 9 is s~ivab~e~ 
(ii) If 9 is solvable and almost a~geb~a~c, then is smooth. 
(iii) IfR is smooth, then 9 is solvable. 
ProoJ (i) If 3 is solvable, then R is ~o~y~~~~~~~, by [ If& Theorem 3 I5 
and so poly-AR, by Lemma 2.1. 
If 9 is not solvable, then after factoring 
we y assume that 9 is semisimple 14, 
g= xi& and put I = Cr= r xiR, so that I is an 
Let P be a prime of R maximal such. that (I ~7 Z(R 
is the centre of W. Then I/P is the unique non-zero prime of 
and 8.5.7]. Suppose there exists an ideal T, with P$ Tc 
property in R/P. Since d/T is the unique prime 
I such that I” 5 T, however, I is idem~ot~~t, 
wever, in a prime Noetherian ring, no non-z 
can have the AR property, by [21, Theorem Il.2.13j. Thus R is not polpi- 
(ii) Since g is solvable, R is polynormai, and so 
Section 2, Remark 51. By Lemma 4.3, R is weakly ~-symmetric, so the result 
follows from (i) and Theorem 3.2. 
(iii) Suppose that R is smooth, but 9 is not solvable. As 
assume that 9 is semisimple. Let P and 1 be as in (i)p let 
consider ERIP(iW) s ER(M). Since R is smooth, if X is a fini 
submodule of E&M), then R/Ann,(X) is ~~ti~i~n~ owever, it was noted 
in (i) that 4 is the only ideal of R containing P su is Artinian, sc 
Ann,(X) = I. Since R/I g C, it fohows that ERIP( is is, however, 
impossibie, since it is a consequence of 12 ) Lemma 3.2.5] that 
modules over prime Noetherian rings are fait ful. This completes t 
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Of course, one would like to remove the restriction to almost algebraic 
algebras in Theorem 4.4(ii). All that is needed to achieve this is to prove that 
U(g) is weakly K-symmetric whenever g is solvable.2 
5. PROPERTIES OF MODULES OVER SMOOTH RINGS 
Recall that a module M with Krull dimension is said to be critical if all its 
proper factor modules have Krull dimension strictly less than k-dim(M). A 
critical R-module M may have either 
(I) k-dim(M) = k-dim(R/Ann(M)), or 
(II) k-dim(M) < k-dim(R/Ann(M)). 
For brevity, we shall refer to M as a type (I) or a type (II) critical module, 
respectively. It is easy to deduce from [ 11, Lemma 2.11 that every critical R- 
module is of type (I) if and only if R is right fully bounded. As this suggests, 
type (I) criticals are usually easier to handle. This becomes especially clear if 
one assumes that R is right weakly ideal invariant (right w.i.i.); that is, that 
given an ideal T or R, and a finitely generated R-module M, with k- 
dim(M) < k dim(R/T), then k-dim(M 0 T) < k-dim(R/T). For details, see 
[ 1 ] or [ 131. At present, no example is known of a Noetherian ring which is 
not weakly ideal invariant. The group ring SG of a polycyclic-by-finite group 
G with an absolutely Hilbert coefficient domain S is w.i.i. [2, Theorem 3.131, 
as is the enveloping algebra of a finite dimensional complex solvable Lie 
algebra, [ 16, Theorem 31 and [ 19, 2, Remark 51. Thus aEZ the results of the 
next two sections will apply in particular to them. 
An R-module M is said to be compressible if it has a monomorphism into 
each of its non-zero submodules. Two modules are subisomorphic if each 
embeds in the other, so that their injective hulls are isomorphic. We recall 
the following well-known properties of type (I) criticals: 
LEMMA 5.1. Let M be a finitely gPnerated type (I) critical module over 
the right w.i.i. ring R. 
(i) The annihilator of M is a prime ideal P. 
Assume that R is also left Noetherian. 
(ii) Then, M is isomorphic to a uniform right ideal of R/P. 
Conversely, every uniform right ideal of R/P is a type (I) critical 
subisomorphic to M. 
(iii) M is compressible. 
‘See note added in proof, p. 259. 
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ProojI (i) There is a non-zero submodule N of whose a~~ihilatQr P 
is prime. wow 
k-dim(R/~) > k-dim(N) = k-dim 
2 A~~(~~, so k-dim(R/p) = k-dim(~). Since k-d~m(~~~) < SC- 
weak ideal ivariance implies that 
k-dim@@) = k-dirn(~~/~~~ < k-dim 
Since is critical, it follows that 
(ii) This is [ll, Proposition l.l(b)]. 
Ever, when R is right fully bounded and right w.i.i. Lemma S.B(ii) an 
can be false, if is not left Noetherian-see [‘s, 
In describing -modules, critical modules play 
modules over an Artinian ring. To describe t 
~orda~-~o~~~r theorem, we recall that a critical ~0~~5§~~~~~ series of a 
finitely generated R-module M is a series 
of ~~bmod~les, uch that CJCT-, is a critical su 
to be maximal among critical submodules of 
dimension [&I. The integer n is the lelzgtkz of the series. From j8: 
Corollary 2.8] and Lemma 5.1 follows 
~E~~~~ 5.2. Any two critical c~m~ositia~ series of the jbitelj 
generated ~-rn~d~le M have the same letigth, and the izjectiue ~~11s of the 
factors are unique up to order and is~morp~ism~ J$EI I right 
w.i.i., and all the composition factors in one series for ) then 
the factors in the series are unique up to order and s~~isarno~~~~srn~ 
LEMEVr.4 5.3. Suppose that is a ~oet~erian right w.i.i. ring, and that 
is a short exact sequence of R-modules, with M ovately generates and 
~~~~orrn, and U critical. If U is type (I) and k-dim(X) < ~-~~~(~~, then 
s~~isQrn~r~hi~ to U (and so is itself a type (1) critical). 
ProoJ: Let P = Ann(U), so P is prime, by Lemma 5.%(i). 
dim k-dim(U) = k-dim(R/P), weak idea% 
dim = k-dim(MP/UP) < k-dim(U). If MP # 0, t 
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A4 is uniform, and this would imply k-dim@@) = k-dim(U), since U is 
critical. Hence MP = 0, so M is isomorphic to a right ideal of R/P, by [ 11, 
Proposition 1.1 (b)]. The result now follows from Lemma 5.1 (ii). 
The above lemma should be compared with Lemma 2.4 of [ 111, in a sense 
the key result of that paper. In fact, coupled with the assumption of 
smoothness, Lemma 5.3 enables us to generalise the main theorem of [ 111: 
THEOREM 5.4. Let M be a finitely generated module over a right 
Noetherian ring R. 
(i) An ascending chain 0 = B, G B, E . . . c B, = M of submodules of 
M is a critical composition series tf and only if each factor is critical and the 
sequence { k-dim(B,/B,- ,): 1 < i < n} is non-decreasing. 
(ii) Suppose that R is Noetherian, right smooth, and right w.i.i., and 
that M contains an essential submodule X all of whose critical submodules 
are type (I). Then an ordinal a occurs as the dimension of a critical 
composition factor of M tf and only tfX contains a submodule of dimension 
a. Further, every composition factor of M is type (I). 
Proof (i) The proof of [ 11, Theorem 3.4(l)] remains valid in the 
present context. 
(ii) Let O=B,EB~G ..a G B, = M be a critical composition series 
for M, and deduce the result by a straightforward induction on n, using 
Lemma 5.3. 
It should now be obvious that the results of [ 11, Section 41 remain valid, 
with appropriate modifications, for right smooth right w.i.i. Noetherian rings. 
So also does Jategaonkar’s main result on injective modules, as we now 
indicate. Recall that if R is a ring and C is a critical R-module, an R-module 
M is said to be (C)-primary if E,(C) z E,(D) for all critical submodules D 
of M. The ring R is primary if R, is a primary module. If M is C-primary 
and C is type (I) with Ann(C) = P prime, we say that M is P-primary. If k- 
dim(I) = k-dim(R) for all non-zero right ideals I of R, R is said to be K- 
homogeneous. These concepts are linked by 
PROPOSITION 5.5. Let R be a right Noetherian right smooth ring. 
(i) If R has a faithful finitely generated P-primary module M, with k- 
dim(M) = a, then R is a K-homogeneous P-primary ring of dimension a. 
(ii) If R is also left Noetherian, then R is primary tf and only tfR has 
a faithfuljmitely generated P-primary untform module. 
Proof (i) Let C be a critical submodule of M, with Ann(C) = P. Then, 
since R is right smooth, k-dim(C) = a = k-dim(R). Hence, by [7, 
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Lemma 1.71, is K-homogeneous. Suppose D is a critical right i 
nnihilator Q. Since M is faithful, # 0, and so, since 
5 P. But k-dim(R/P) = ~-dime so 
im(R/P), R is P-primary. 
(ii) This follows from (i) and the proof of 1’7, Corollary 2.41. 
HEOREM 5.6. Eet R be a right smooth right w.i.i. 
let U be a ~~ite~~ generated critical R-module. Let P = 
that k-dim(Ui) = k-dim(R/P) = a. Let E = ER(U). The 
and there exists a uniform right ideal T/P of 
M is a non-zero finitely generated ~ub~od~~e of E, then k-dim 
dirn(Rl~~~(~)) = a. 
ProojI The claims of the first paragraph llow from Lemma 5.1 and 
Theorem 5.4. Let A E &. By Proposition 5.5, /A is a ~-homogeneous P- 
g. Since R/A is right w.i.i., it has an ~rti~ia~ quotient ring [IX 
. The rest of the proof follows the lines of [I 1, Theorem 5.3 ] 
tation of Theorem 5.6, and of I11 ], the socie series ofFA as a 
modde coincides with the cr-socle series ofFA as an e omit the 
routine translation of the proof of this result fmm [I%] to the p-esenc 
context. 
6. PROPERTIES OF SMOOTH 
link between the results on module structure and those on rin 
re is provided by the notion of the primary decomposition of 
module, as defined by Gabriel and extensively studied b 
example [7]. Primary modules have been defined in 
~eco~po~it~o~ of an R-module M is a set M, ,..., M, 
such that M/M, is C,-primary, for i= I,..., n, whete 
.E(GL..., E(C,) are pair-wise non-isomorphic, and 
section being irredundant. Every finitely generated 
decomposition 13, p. 110 and Lemma 1.41. Su 
especially useful if the modules Mi are invariant in 
11/p = R, this forces the Mi to be ideals. 
Primary modules and decompositons over a rig 
studied in [7, Section 21. The obvious analogues of the results obtained there 
~~rnai~ valid for modules, all of whose critical s~brn~~~~es ar  type 
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a right smooth right w.i.i. ring. We note only the analogue of [7, 
Corollary 2.51, an easy consequence of Proposition 5.5. 
PROPOSITION 6.1. If R is a right smooth Noetherian ring then there is a 
primary decomposition 0 = (JJ’= 1 Ij in which Ij is an ideal, 1 < j < n. 
Our main application of these ideas generalises much of [7, Section 31: 
THEOREM 6.2. Let R be a right smooth right w.i.i. Noetherian ring. 
(i) If R is primary then R is K-homogeneous and has an Artinian 
quotient ring. 
(ii) There is an Artinian ring Q containing R. 
ProoJ (i) By Proposition 5.5, R is K-homogeneous. Since R is right 
w.i.i. it has a right Artinian right quotient ring by [ 13, Theorem 81, and Q is 
an Artinian quotient ring since R is left Noetherian. 
(ii) This follows from (i) and Proposition 6.1. 
Theorem 6.2 applies to a polycyclic group ring whose coefficient ring R is 
any commutative Noetherian domain, not necessarily absolutely Hilbert. The 
arguments involved are routine-one first shows that R may be assumed to 
be a field finitely generated over its prime subfield, then passes to an 
absolutely Hilbert order in R, etc. 
THEOREM 6.3. Let R be a right smooth Noetherian ring containing an 
ideal I such that In T # 0 for all non-zero ideals T of R. Then k-dim(R) = k- 
dim(I). 
Proof. Let 0 = nJ’=r Ij be a primary decomposition of R, where Ij is an 
ideal, as given by Proposition 6.1. For 1 < i < FZ \ \ > nj,j+i Ij# 0. Thus 
In nj, j+i Ij f 0, and so I G Ii. In other words, I + Ii/Ii is non-zero. Since 
R/I, is K-homogeneous, by Proposition 5.5, it follows that 
k-dim(R) = max{ k-dim(R/I,): 1 < i < n} < k-dim(I). 
The reverse inequality being clear, this proves the result. 
EXAMPLE 6.4. There is a Noetherian ring R with the following 
properties: 
(i) R has precisely four ideals, namely 0, P, M, and R, with P c M, 
R/M E 6, and PM = MP = 0. Hence (ii) the socle P of R intersects every 
non-zero ideal non-trivially. Thus, (iii) 0 cannot be non-trivially decomposed 
as an intersection of two-sided ideals. 
(iv) The set of regular elements of R does not form a right divisor set. 
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I+OQ~ et S be the enveloping algebra of the semisi 
Cd, so S is a Noetherian domain [4, Sectio 
e debug of S defined in [4, 4.9.221. Then P’ 
exists one and only one ideal M’ of S su 
’ is the set of polynomials with zero constant term, so 
is a central regular element of s’, P’ ’ = M’P’ f P’, Put 
t IJ = P’pf’P’, M = iw/MP’* 
Let 1 be a non-zero proper ideal of R. If 1 E P, then since P ?Z R/M is 
- B. If I @ P, then M must be the unique minimal prime over i: 
=M2 [4, 2.8.X], I must equal M. 
a domain, by 14, 8.4.41, and it follows e 
But since M = M’, M is not loca~~s~b~e. 
e ring R constructed above is not primary, 
both right annihilator primes. Thus the hypot esis of smoothness cannot be 
dropped from Proposition 6.1. Theorem 6.2 says, naer ah, ‘that an indeeom- 
posable right smooth right w.i.i. Noetherian ring as’ a quotient ring. Now, R 
is manifestly w.i.i. Thus, by Example &.4&i) and (iv)) Theorem 5.2 is false 
without smoothness. Finally, smoothness is necessary fx the validity rc$ 
Theorem 6.3, by (ii). 
Note added in prooJ: A. G. Heinicke [Bn the Krull symmetry of enveloping algebras; ,‘. 
London Math. Sot., to appear], has shown that Lemma 4.3 is true for ah solvable Lie 
algebras. Hence, Theorem 4.4 can be improved: U(g) is smooth if and only if 9 is soivabie. 
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